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ÑÒÎß×I ÕÂÈËI Â ÄÈÑÊÐÅÒÍÈÕ ÐIÂÍßÍÍßÕ ÒÈÏÓ
ÊËÅÉÍÀ-�ÎÐÄÎÍÀ ÇI ÑÒÅÏÅÍÅÂÈÌÈ ÍÅËIÍIÉÍÎÑÒßÌÈ

Äàíà ñòàòòÿ ïðèñâÿ÷åíà âèâ÷åííþ äèñêðåòíèõ ðiâíÿíü òèïó Êëåéíà-�îðäîíà, ÿêi
îïèñóþòü äèíàìiêó íåñêií÷åííîãî ëàíöþãà ëiíiéíî çâ'ÿçàíèõ íåëiíiéíèõ îñöèëÿòîðiâ.
Öi ðiâíÿííÿ ïðåäñòàâëÿþòü ñîáîþ ç÷èñëåííó ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü. Òàêi ñèñòåìè ¹ íåñêií÷åííîâèìiðíèìè ãàìiëüòîíîâèìè ñèñòåìàìè. Ðîçãëÿäàþ-
òüñÿ ðiâíÿííÿ òèïó Êëåéíà-�îðäîíà çi ñòåïåíåâèìè íåëiíiéíîñòÿìè íåïàðíîãî ñòåïå-
íÿ. Ïðè ïiäñòàíîâöi àíçàöà ó âèãëÿäi ñòîÿ÷î¨ õâèëi îäåðæó¹òüñÿ ñèñòåìà àëãåáðà¨÷íèõ
ðiâíÿíü äëÿ àìïëiòóäè ñòîÿ÷î¨ õâèëi. Äàëi ðîçãëÿäà¹òüñÿ ñèñòåìà ç áiëüø çàãàëüíèì
îïåðàòîðîì L ëiíiéíî¨ âçà¹ìîäi¨ îñöèëÿòîðiâ, ÿêèé ¹ îáìåæåíèì i ñàìîñïðÿæåíèì ó
ãiëüáåðòîâîìó ïðîñòîði äiéñíèõ äâîõñòîðîííiõ ïîñëiäîâíîñòåé l2. Ðîçãëÿäà¹òüñÿ çàäà-
÷à ïðî iñíóâàííÿ ïåðiîäè÷íèõ i ëîêàëiçîâàíèõ (çáiãàþòüñÿ äî íóëÿ íà íåñêií÷åííîñòi)
ðîçâ'ÿçêiâ äëÿ òàêèõ ñèñòåì. Îñíîâíèìè óìîâàìè iñíóâàííÿ öèõ ðîçâ'ÿçêiâ ¹ ïðîñòîðî-
âà ïåðiîäè÷íiñòü êîåôiöi¹íòiâ îïåðàòîðà ëiíiéíî¨ âçà¹ìîäi¨ îñöèëÿòîðiâ òà íàëåæíiñòü
÷àñòîòè ñòîÿ÷î¨ õâèëi ñïåêòðàëüíîìó ïðîìiæêó îïåðàòîðà L. ßêùî ïðàâèé êiíåöü ñïå-
êòðàëüíîãî ïðîìiæêà ñêií÷åííèé, òî ñèñòåìà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè. Ó öié ñòàòòi
ïîêàçàíî, ùî ïåðiîäè÷íi i ëîêàëiçîâàíi ðîçâ'ÿçêè öi¹¨ ñèñòåìè ìîæíà ïîáóäóâàòè ÿê
êðèòè÷íi òî÷êè âiäïîâiäíèõ ôóíêöiîíàëiâ Jk òà J . Iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ
âñòàíîâëåíî çà äîïîìîãîþ òåîðåìè ïðî çà÷åïëåííÿ. Çîêðåìà, ïîêàçàíî, ùî ôóíêöiîíàë
Jk çàäîâîëüíÿ¹ òàê çâàíó óìîâó Ïàëå-Ñìåéëà òà ãåîìåòðiþ çà÷åïëåííÿ, à îòæå, ìà¹ íå-
òðèâiàëüíi êðèòè÷íi òî÷êè. Îñòàííi i ¹ ïåðiîäè÷íèìè ðîçâ'ÿçêàìè ñèñòåìè. Ó âèïàäêó
ëîêàëiçîâàíèõ ðîçâ'ÿçêiâ âèêîðèñòàòè òåîðåìó ïðî çà÷åïëåííÿ íå ìîæíà, îñêiëüêè äëÿ
ôóíêöiîíàëó J íå âèêîíó¹òüñÿ óìîâà Ïàëå-Ñìåéëà. Òîìó ó öüîìó âèïàäêó âèêîðèñòà-
íî ìåòîä ïåðiîäè÷íèõ àïðîêñèìàöié, òîáòî êðèòè÷íi òî÷êè ôóíêöiîíàëó J áóäóþòüñÿ
çà äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó ïðè k → ∞ â êðèòè÷íèõ òî÷êàõ ôóíêöiîíàëó Jk.
Â ñèëó âiäîìèõ âëàñòèâîñòåé äèñêðåòíîãî îïåðàòîðà Ëàïëàñà îäåðæàíî íàñëiäîê, â
ÿêîìó âñòàíîâëåíî óìîâè iñíóâàííÿ ëîêàëiçîâàíèõ ðîçâ'ÿçêiâ äëÿ âèõiäíî¨ ñèñòåìè.

Êëþ÷îâi ñëîâà: äèñêðåòíi ðiâíÿííÿ òèïó Êëåéíà-�îðäîíà, ñòîÿ÷i õâèëi, ñòåïåíåâi
íåëiíiéíîñòi, êðèòè÷íi òî÷êè, òåîðåìà ïðî çà÷åïëåííÿ, ïåðiîäè÷íi àïðîêñèìàöi¨.

1. Âñòóï. Äèñêðåòíi ãàìiëüòîíîâi ñèñòåìè øèðîêî âèêîðèñòîâóþòüñÿ â íåëi-
íiéíié ôiçèöi äëÿ ìîäåëþâàííÿ ñêëàäíèõ îïòè÷íèõ i êâàíòîâèõ ÿâèù. Äî òàêèõ
ñèñòåì, çîêðåìà, íàëåæàòü ñèñòåìè òèïó Ôåðìi-Ïàñòè-Óëàìà, äèñêðåòíi ðiâíÿ-
ííÿ òèïó Øðåäiíãåðà, äèñêðåòíi ðiâíÿííÿ òèïó Êëåéíà��îðäîíà òà ií. Ïîäiáíi
ñèñòåìè ¹ öiêàâèìè ç îãëÿäó íà ÷èñëåííi çàñòîñóâàííÿ ó ôiçèöi (äèâ. [1�4]).

Âàæëèâèìè êëàñàìè ðîçâ'ÿçêiâ òàêèõ ñèñòåì ¹ áiæó÷i i ñòîÿ÷i õâèëi. Äåòàëü-
íi ðåçóëüòàòè ïðî iñíóâàííÿ áiæó÷èõ õâèëü â ñèñòåìi Ôåðìi-Ïàñòè-Óëàìà ìî-
æíà çíàéòè â ìîíîãðàôi¨ Î. Ïàíêîâà [5]. Óìîâè iñíóâàííÿ ðiçíèõ òèïiâ áiæó÷èõ
õâèëü â äèñêðåòíèõ ðiâíÿííÿõ òèïó Êëåéíà-�îðäîíà äîñëiäæåíî â ïðàöÿõ [6�10].
Çîêðåìà, äëÿ îäåðæàííÿ îñíîâíèõ ðåçóëüòàòiâ â ñòàòòÿõ [6�9] áóëî âèêîðèñòàíî
ìåòîä êðèòè÷íèõ òî÷îê, òîäi ÿê â [10] � ìåòîäè òåîði¨ áiôóðêàöié. Ó ñòàòòi [3]
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çà äîïîìîãîþ ÷èñåëüíîãî àíàëiçó äîñëiäæåíî iñíóâàííÿ òà íåiñíóâàííÿ áiæó-
÷èõ êiíêiâ â äèñêðåòíèõ ðiâíÿííÿõ òèïó Êëåéíà��îðäîíà. Â ïðàöÿõ [11�13] çà
äîïîìîãîþ âàðiàöiéíèõ òåõíiê âèâ÷àëîñÿ ïèòàííÿ iñíóâàííÿ ñòîÿ÷èõ õâèëü â
äèñêðåòíèõ ðiâíÿííÿõ òèïó Øðåäiíãåðà. Ñòîÿ÷i õâèëi â äèñêðåòíèõ ðiâíÿííÿõ
òèïó Êëåéíà��îðäîíà âèâ÷àëèñÿ â ïðàöÿõ [14] òà [15]. Â öèõ ñòàòòÿõ äîñëiäæåíî
ïèòàííÿ ñòiéêîñòi ñòîÿ÷èõ õâèëü â òàêèõ ðiâíÿííÿõ.

Ó öié ñòàòòi çà äîïîìîãîþ ìåòîäó êðèòè÷íèõ òî÷îê i ìåòîäó ïåðiîäè÷íèõ
àïðîêñèìàöié âñòàíîâëåíî iñíóâàííÿ ñòîÿ÷èõ õâèëü â äèñêðåòíèõ ðiâíÿííÿõ òè-
ïó Êëåéíà��îðäîíà çi ñòåïåíåâèìè íåëiíiéíîñòÿìè.

2. Ïîñòàíîâêà çàäà÷i òà îñíîâíi ïðèïóùåííÿ. Ó öié ñòàòòi âèâ÷àþòüñÿ
äèñêðåòíi ðiâíÿííÿ òèïó Êëåéíà��îðäîíà

q̈n − (∆q)n +m2qn − f(qn) = 0, n ∈ Z, (1)

äå qn = qn(t) � óçàãàëüíåíà êîîðäèíàòà n-ãî îñöèëÿòîðà â ìîìåíò ÷àñó t,
(∆q)n = qn+1+qn−1−2qn � îäíîâèìiðíèé äèñêðåòíèé îïåðàòîð Ëàïëàñà. Ðiâíÿ-
ííÿ (1) ïðåäñòàâëÿþòü ñîáîþ íåñêií÷åííó ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü òà îïèñóþòü äèíàìiêó íåñêií÷åííîãî ëàíöþãà ëiíiéíî çâ'ÿçàíèõ íåëi-
íiéíèõ îñöèëÿòîðiâ.

Áóäåìî ðîçãëÿäàòè ñèñòåìó (1) çi ñòåïåíåâèìè íåëiíiéíîñòÿìè âèãëÿäó

f(r) = dn|r|2pr, {dn} ⊂ R, p ∈ N.

Ñòîÿ÷îþ õâèëåþ ¹ ðîçâ'ÿçîê âèãëÿäó

qn(t) = un exp(−iωt), (2)

äå un ∈ R íàçèâà¹òüñÿ àìïëiòóäîþ ñòîÿ÷î¨ õâèëi, à ω ∈ R � ÷àñòîòîþ.
Ïiäñòàâëÿþ÷è ñòîÿ÷ó õâèëþ (2) â ñèñòåìó (1) i âðàõîâóþ÷è, ùî | exp(−iωt)|=1,

îäåðæèìî ñèñòåìó

−∆un − (ω2 −m2)un = dn|un|2pun, n ∈ Z. (3)

Ïîçíà÷èìî ÷åðåç (Lu)n = anun+1 + an−1un−1 + bnun i ðîçãëÿíåìî áiëüø çà-
ãàëüíó ñèñòåìó

(Lu)n − ω2un = dn|un|2pun, n ∈ Z. (4)

Çàóâàæèìî, ùî îïåðàòîð L ¹ îáìåæåíèì i ñàìîñïðÿæåíèì ó ïðîñòîði l2. Éîãî
ñïåêòð σ(L) ìà¹ ãðóïîâó ñòðóêòóðó, òîáòî σ(L) ¹ îá'¹äíàííÿì ñêií÷åííîãî ÷è-
ñëà âiäðiçêiâ (äèâ. [17]). Äîïîâíåííÿ R \ σ(L) ñêëàäà¹òüñÿ çi ñêií÷åííîãî ÷èñëà
iíòåðâàëiâ, ÿêi íàçèâàþòüñÿ ñïåêòðàëüíèìè ïðîìiæêàìè. Äâà ç íèõ íàïiâñêií-
÷åííi. ßêùî N = 1, òî ñêií÷åííi ïðîìiæêè íå iñíóþòü. Îäíàê, ó çàãàëüíîìó
âèïàäêó ñêií÷åííi ïðîìiæêè iñíóþòü i íàéáiëüø öiêàâèé âèïàäîê, êîëè ω2 íà-
ëåæèòü ñêií÷åííîìó ïðîìiæêó.

Âñþäè äàëi ïðèïóñêà¹òüñÿ, ùî âèêîíó¹òüñÿ óìîâà N -ïåðiîäè÷íîñòi
(i) iñíó¹ òàêå N ∈ N, ùî êîåôiöi¹íòè an, bn i dn ¹ N-ïåðiîäè÷íèìè, òîáòî

an+N = an, bn+N = bn i dn+N = dn.
Áóäåìî âèâ÷àòè ñòîÿ÷i õâèëi äâîõ âèäiâ: ç kN -ïåðiîäè÷íîþ àìïëiòóäîþ (ïå-

ðiîäè÷íi ðîçâ'ÿçêè) òà àìïëiòóäîþ, ÿêà íà íåñêií÷åííîñòi çáiãà¹òüñÿ äî íóëÿ
(ëîêàëiçîâàíi ðîçâ'ÿçêè), òîáòî

un+kN = un, n ∈ Z, (5)

Ðîçäië 1: Ìàòåìàòèêà i ñòàòèñòèêà
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äå k � ôiêñîâàíå íàòóðàëüíå ÷èñëî, òà

lim
n→±∞

un = 0 (6)

âiäïîâiäíî.
3. Âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i. Ç ñèñòåìîþ (4) ïîâ'ÿçó¹òüñÿ ôóí-

êöiîíàë

J(u) =
1

2
(Lu− ω2u, u)− 1

2p+ 2

∑
n∈Z

dnu
2p+2
n , (7)

âèçíà÷åíèé íà ãiëüáåðòîâîìó ïðîñòîði l2 = l2(Z) çi ñêàëÿðíèì äîáóòêîì

(u, v) =
∑
n∈Z

unvn

òà íîðìîþ

∥u∥ =

(∑
n∈Z

|un|2
) 1

2

.

Íàãàäà¹ìî, ùî êîæíèé åëåìåíò ïðîñòîðó l2 àâòîìàòè÷íî çàäîâîëüíÿ¹ óìîâó (6).
Iíîäi ìè áóäåìî ðîçãëÿäàòè ïðîñòîðè lp (p ≥ 1) ç íîðìîþ

∥u∥lp =

(∑
n∈Z

|un|p
) 1

p

.

Íàãàäà¹ìî, ùî ÷åðåç l∞ ïîçíà÷à¹òüñÿ ïðîñòið âñiõ îáìåæåíèõ ïîñëiäîâíîñòåé ç
íîðìîþ

∥u∥l∞ = sup
n∈Z

|un|

i ïðè 1 ≤ p ≤ q ≤ ∞
∥u∥lq ≤ ∥u∥lp .

Ïîçíà÷èìî ÷åðåç l2k ñêií÷åííîâèìiðíèé ïðîñòið âñiõ kN -ïåðiîäè÷íèõ ïîñëi-
äîâíîñòåé çi ñêàëÿðíèì äîáóòêîì

(u, v)k =
∑
n∈Qk

unvn

òà íîðìîþ

∥u∥k =

(∑
n∈Qk

|un|2
) 1

2

,

äå

Qk =

{
n ∈ Z : −

[
kN

2

]
≤ n ≤ kN −

[
kN

2

]
− 1

}
,

i
[
kN
2

]
� öiëà ÷àñòèíà kN

2
.

Íà ïðîñòîði l2k ðîçãëÿíåìî ôóíêöiîíàë

Jk(u) =
1

2
(Lku− ω2u, u)k −

1

2p+ 2

∑
n∈Qk

dnu
2p+2
n , (8)

äå Lk � îïåðàòîð L, ÿêèé äi¹ â ïðîñòîði l2k.

Íàóê. âiñíèê Óæãîðîä. óí-òó. 2021. Òîì 39, � 2 ISSN 2616-7700 (print), 2708-9568 (online)



10 Ñ. Ì. ÁÀÊ

Ëåìà 1. Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiîíàëè J òà Jk íàëåæàòü êëàñó
C1, à ¨õíi ïîõiäíi âèçíà÷àþòüñÿ ôîðìóëàìè

⟨J ′(u), h⟩ = (Lu− ω2u, h)−
∑
n∈Z

dnu
2p+1
n hn,

⟨J ′
k(u), h⟩ = (Lku− ω2u, h)k −

∑
n∈Qk

dnu
2p+1
n hn,

äå u, h ∈ l2 òà u, h ∈ l2k âiäïîâiäíî.
Êðiì òîãî, êðèòè÷íi òî÷êè öèõ ôóíêöiîíàëiâ ¹ ðîçâ'ÿçêàìè ñèñòåìè (4)

âiäïîâiäíî ç ïðîñòîðiâ l2 òà l2k.

Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöiîíàë J . Ëåãêî áà÷èòè, ùî J ∈ C1. Çíàéäåìî
éîãî ïîõiäíó. Íåõàé u, h ∈ l2 òà |λ| ≤ 1. Òîäi

J(u+ λh) =
1

2

(
L(u+ λh)− ω2(u+ λh), u+ λh

)
−

− 1

2p+ 2

∑
n∈Z

dn(un + λhn)
2p+2 =

1

2

(
(Lu− ω2u) + λ(Lh− ω2h), u+ λh

)
−

− 1

2p+ 2

∑
n∈Z

dn(un + λhn)
2p+2 =

1

2
(Lu− ω2u, u) +

λ

2
(Lu− ω2u, h)+

+
λ

2
(Lh− ω2h, u) +

λ2

2
(Lh− ω2h, h)− 1

2p+ 2

∑
n∈Z

dn(un + λhn)
2p+2 =

=
1

2
(Lu− ω2u, u) + λ(Lu− ω2u, h) +

λ2

2
(Lh− ω2h, h)−

− 1

2p+ 2

∑
n∈Z

dn(un + λhn)
2p+2.

Îñêiëüêè

J(u+ λh)− J(u) =
1

2
(Lu− ω2u, u) + λ(Lu− ω2u, h) +

λ2

2
(Lh− ω2h, h)−

− 1

2p+ 2

∑
n∈Z

dn(un + λhn)
2p+2 − 1

2
(Lu− ω2u, u) +

1

2p+ 2

∑
n∈Z

dnu
2p+2
n =

= λ(Lu− ω2u, h) +
λ2

2
(Lh− ω2h, h)−

− 1

2p+ 2

∑
n∈Z

dn

(
(2p+ 2)u2p+1

n λhn +
(2p+ 2)(2p+ 1)

2!
u2pn (λhn)

2 + ...+ (λhn)
2p+2

)
,

òî

⟨J ′(u), h⟩ = lim
λ→0

J(u+ λh)− J(u)

λ
= lim

λ→0

[
(Lu− ω2u, h) +

λ

2
(Lh− ω2h, h)−

− 1

2p+2

∑
n∈Z

dn

(
(2p+2)u2p+1

n hn +
(2p+2)(2p+1)

2!
u2pn λ(hn)

2 + ...+ (λ)2p+1(hn)
2p+2

)
=

Ðîçäië 1: Ìàòåìàòèêà i ñòàòèñòèêà
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= (Lu− ω2u, h)−
∑
n∈Z

dnu
2p+1
n hn.

Ëåãêî áà÷èòè, ùî êðèòè÷íi òî÷êè u ∈ l2 ôóíêöiîíàëó J ¹ ðîçâ'ÿçêàìè ñèñòå-
ìè (4).

Äîâåäåííÿ ó âèïàäêó ôóíêöiîíàëó Jk àíàëîãi÷íå. Ëåìó äîâåäåíî.
Òàêèì ÷èíîì, ñèñòåìà (4) ¹ ñèñòåìîþ ðiâíÿíü Åéëåðà-Ëàãðàíæà äëÿ ôóíê-

öiîíàëiâ äi¨ J òà Jk ó âiäïîâiäíèõ ïðîñòîðàõ. Öÿ ñèñòåìà çàâæäè ìà¹ íóëüîâèé
ðîçâ'ÿçîê, òîìó íàñ öiêàâëÿòü íåòðèâiàëüíi êðèòè÷íi òî÷êè öèõ ôóíêöiîíàëiâ.

4. Ïîïåðåäíi ëåìè. Çi ñïåêòðàëüíî¨ òåîði¨ äèôåðåíöiàëüíèõ îïåðàòîðiâ
(äèâ. [17]) ìà¹ìî, ùî σ(Lk) ⊂ σ(L) i, îòæå, ∥Lk∥ ≤ ∥L∥.

Íåõàé E+ � ïiäïðîñòið l2, óòâîðåíèé äîäàòíîþ ÷àñòèíîþ ñïåêòðà îïåðàòî-
ðà L − ω2 (äîäàòíèé ñïåêòðàëüíèé ïiäïðîñòið îïåðàòîðà L − ω2 â l2), E− �
ïiäïðîñòið l2, óòâîðåíèé âiä'¹ìíîþ ÷àñòèíîþ ñïåêòðà (âiä'¹ìíèé ñïåêòðàëüíèé
ïiäïðîñòið îïåðàòîðà L − ω2 â l2). Àíàëîãi÷íî ââåäåìî äîäàòíèé òà âiä'¹ìíèé
ñïåêòðàëüíi ïiäïðîñòîðè E+

k ⊂ Ek i E
−
k ⊂ Ek äëÿ îïåðàòîðà Lk−ω2. Ëåãêî ïåðå-

âiðèòè, ùî âiäïîâiäíi ïiäïðîñòîðè ïîïàðíî îðòîãîíàëüíi, ïðè÷îìó l2 = E+⊕E−

òà l2k = E+
k ⊕E−

k . Òîäi áóäü-ÿêó ôóíêöiþ u ∈ l2 (u ∈ l2k) ìîæíà ïîäàòè ó âèãëÿäi
u = u+ + u−, äå u+ ∈ E+ (u+ ∈ E+

k ), u
− ∈ E− (u− ∈ E−

k ). Ïðè÷îìó u
± = P±u

(u± = P±
k u), äå P

± i P±
k � âiäïîâiäíi îðòîãîíàëüíi ïðîåêòîðè.

Ïîçíà÷èìî ÷åðåç δ := min{|a − ω2|, |b − ω2|} � âiäñòàíü âiä ω2 äî ñïåêòðà
σ(L), äå (a, b) � äîâiëüíèé ôiêñîâàíèé ñïåêòðàëüíèé ïðîìiæîê îïåðàòîðà L.
Òîäi

±(Lu− ω2u, u) ≥ δ∥u∥2, u ∈ E±, (9)

±(Lku− ω2u, u)k ≥ δ∥u∥2k, u ∈ E±
k . (10)

Íàñòóïíà ëåìà äà¹ óìîâè íåiñíóâàííÿ íåòðèâiàëüíèõ êðèòè÷íèõ òî÷îê.

Ëåìà 2. Íåõàé dn > 0 äëÿ âñiõ n ∈ Z, ω2 ∈ (a, b) òà b = +∞. Òîäi u = 0
¹äèíà êðèòè÷íà òî÷êà ôóíêöiîíàëiâ J òà Jk âiäïîâiäíî ó ïðîñòîðàõ l

2 òà l2k.

Äîâåäåííÿ. Íåõàé u ∈ l2 êðèòè÷íà òî÷êà ôóíêöiîíàëó J . Òîäi

0 = ⟨J ′(u), u⟩ = (Lu− ωu, u)−
∑
n∈Z

dnu
2p+2
n ≤ (Lu− ω2u, u).

Îñêiëüêè b = +∞, òî E+ = {0} i çãiäíî (9)

0 ≤ (Lu− ω2u, u) ≤ −δ∥u∥2.

À öå îçíà÷à¹, ùî u = 0.
Äîâåäåííÿ ó âèïàäêó ôóíêöiîíàëó Jk àíàëîãi÷íå. Ëåìó äîâåäåíî.
Äàëi çíàäîáèòüñÿ òàêà ëåìà.

Ëåìà 3. Äëÿ áóäü-ÿêèõ íåòðèâiàëüíèõ êðèòè÷íèõ òî÷îê ôóíêöiîíàëiâ J
òà Jk ïðàâèëüíi âiäïîâiäíî íåðiâíîñòi

∥u∥
2p+2
2p+1 ≤ γJ(u),

∥u∥
2p+2
2p+1

k ≤ γJk(u),

äå γ = ((4δ−1l)
2p+2
2p+1 (pl0)

−1, l = sup{dn} i l0 = inf{dn}.
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Äîâåäåííÿ. Íåõàé u ∈ l2 êðèòè÷íà òî÷êà ôóíêöiîíàëó J , à b = J(u) âiäïî-
âiäíå êðèòè÷íå çíà÷åííÿ. Òîäi

b = J(u)− 1

2
⟨J ′(u), u⟩ =

(
1

2
− 1

2p+ 2

)∑
n∈Z

dnu
2p+2
n ≥ p

2p+ 2
l0∥u∥2p+2

l2p+2 ,

çâiäêè

∥u∥2p+2
l2p+2 ≤

(2p+ 2)b

pl0
.

Îñêiëüêè u ∈ l2 ìîæíà ïîäàòè ó âèãëÿäi u = u+ + u−, äå u+ ∈ E+ i u− ∈ E−,
òî

0 = ⟨J ′(u), u+⟩ = (Lu− ω2u, u+)−
∑
n∈Z

dnu
2p+1
n u+n =

= (Lu+ − ω2u+, u+)−
∑
n∈Z

dnu
2p+1
n u+n .

Òîäi, âèêîðèñòîâóþ÷è (9) i íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî-Øâàðöà, ìà¹ìî

δ∥u+∥2 ≤ (Lu+ − ω2u+, u+) =
∑
n∈Z

dnu
2p+1
n u+n ≤

≤ l

(∑
n∈Z

u4p+2
n

) 1
2
(∑

n∈Z

(u+n )
2

) 1
2

= l∥u∥2p+1
l4p+2∥u+∥ ≤ l∥u∥2p+1

l2p+2∥u+∥.

Çâiäñè

∥u+∥2 ≤ δ−1l∥u∥2p+1
l2p+2∥u+∥ ≤ δ−1l

(
(2p+ 2)b

pl0

) 2p+1
2p+2

∥u+∥ =

= 2
2p+1
p+1 δ−1l(pl0)

− 2p+1
2p+2 b

2p+1
2p+2∥u+∥.

Àíàëîãi÷íî
∥u−∥2 ≤ 2

2p+1
p+1 δ−1l(pl0)

− 2p+1
2p+2 b

2p+1
2p+2∥u−∥.

I îñòàòî÷íî, îñêiëüêè
∥u∥2 = ∥u+∥2 + ∥u−∥2

i
∥u+∥+ ∥u−∥ ≤ 2

1
2∥u∥,

òî

∥u∥ =
(
∥u+∥2 + ∥u−∥2

) 1
2 ≤

(
2

2p+1
p+1 δ−1l(pl0)

− 2p+1
2p+2 b

2p+1
2p+2 (∥u+∥+ ∥u−∥)

) 1
2 ≤

≤ 2δ−
1
2 l

1
2 (pl0)

− 2p+1
4p+4 b

2p+1
4p+4∥u∥

1
2 ,

çâiäêè
∥u∥ ≤ 4δ−1l(pl0)

− 2p+1
2p+2 b

2p+1
2p+2 ,

ùî é äà¹ íåîáõiäíå.
Äîâåäåííÿ ó âèïàäêó ôóíêöiîíàëó Jk àíàëîãi÷íå. Ëåìó äîâåäåíî.

Ðîçäië 1: Ìàòåìàòèêà i ñòàòèñòèêà
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Ëåìà 4. Äëÿ áóäü-ÿêèõ íåòðèâiàëüíèõ êðèòè÷íèõ òî÷îê ôóíêöiîíàëiâ J
òà Jk ïðàâèëüíi âiäïîâiäíî íåðiâíîñòi

∥u∥2 ≥ ε0, J(u) ≥ ε,

∥u∥2k ≥ ε0, Jk(u) ≥ ε,

äå ε0 = 2−
1
2p δ

1
p l−

1
p , ε = 2−

(8p+1)(p+1)
2p(2p+1) δ

p+1
p l−

p+1
p pl0.

Äîâåäåííÿ. Íåõàé u = u++u− ∈ E (u± ∈ E±) êðèòè÷íà òî÷êà ôóíêöiîíàëó
J , à b = J(u) âiäïîâiäíå êðèòè÷íå çíà÷åííÿ. Òîäi, ÿê i â äîâåäåííi ïîïåðåäíüî¨
ëåìè, ìà¹ìî

δ∥u+∥2 ≤
∑
n∈Z

dnu
2p+1
n u+n ≤ l

∑
n∈Z

u2p+1
n u+n .

Çàñòîñîâóþ÷è äî ïðàâî¨ ÷àñòèíè îñòàííüî¨ íåðiâíîñòi íåðiâíiñòü Ãåëüäåðà:

|(x, y)| ≤ ∥x∥lp∥y∥lq ,
1

p
+

1

q
= 1,

ïðè p = 2p+2
2p+1

i q = 2p+ 2, îäåðæó¹ìî

δ∥u+∥2 ≤ l∥u2p+1∥
l
2p+2
2p+1

∥u+∥l2p+2 = l

(∑
n∈Z

|u2p+1
n |

2p+2
2p+1

) 2p+1
2p+2

∥u+∥l2p+2 =

= l∥u∥2p+1
l2p+2∥u+∥l2p+2 ≤ ∥u∥2p+1∥u+∥.

Àíàëîãi÷íî
δ∥u−∥2 ≤ l∥u∥2p+1

l2p+2∥u+∥l2p+2 ≤ ∥u∥2p+1∥u+∥.

I îñòàòî÷íî, îñêiëüêè ∥u∥2 = ∥u+∥2 + ∥u−∥2 i ∥u+∥+ ∥u−∥ ≤ 2
1
2∥u∥, òî

δ∥u∥2 = δ
(
∥u+∥2 + ∥u−∥2

)
≤ l∥u∥2p+1(∥u+∥+ ∥u−∥) ≤ 2

1
2 l∥u∥2p+2,

çâiäêè
∥u∥2 ≥ 2−

1
2p δ

1
p l−

1
p .

Äëÿ îöiíêè êðèòè÷íîãî çíà÷åííÿ âèêîðèñòà¹ìî îñòàííþ íåðiâíiñòü i âåðõíþ
îöiíêó ç ïîïåðåäíüî¨ ëåìè

∥u∥ ≤ 4δ−1l(pl0)
− 2p+1

2p+2 b
2p+1
2p+2 .

Òàêèì ÷èíîì, ìà¹ìî

b ≥
(
4−1δl−1(pl0)

2p+1
2p+2∥u∥

) 2p+2
2p+1 ≥

(
4−1δl−1(pl0)

2p+1
2p+22−

1
4p δ

1
2p l−

1
2p

) 2p+2
2p+1

=

=
(
2−

8p+1
4p δ

2p+1
2p l−

2p+1
2p (pl0)

2p+1
2p+2

) 2p+2
2p+1

= 2−
(8p+1)(p+1)
2p(2p+1) δ

p+1
p l−

p+1
p pl0.

Äîâåäåííÿ ó âèïàäêó ôóíêöiîíàëó Jk àíàëîãi÷íå. Ëåìó äîâåäåíî.
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5. Òåîðåìà ïðî çà÷åïëåííÿ. Äàëi íàì çíàäîáèòüñÿ îäíà iç ïîïóëÿðíèõ
ìiíiìàêñíèõ òåîðåì � òåîðåìà ïðî çà÷åïëåííÿ.

Íåõàé íà ãiëüáåðòîâîìó ïðîñòîði H çàäàíèé ôóíêöiîíàë I : H → R êëàñó
C1.

Ïîñëiäîâíiñòü {un} òî÷îê ãiëüáåðòîâîãî ïðîñòîðó H íàçèâà¹òüñÿ ïîñëiäîâ-
íiñòþ Ïàëå-Ñìåéëà ôóíêöiîíàëó I íà äåÿêîìó ðiâíi b, ÿêùî I(un) → b òà
I ′(un) → 0 ïðè n→ ∞.

Êàæóòü, ùî I çàäîâîëüíÿ¹ óìîâó Ïàëå�Ñìåéëà, ÿêùî âèêîíó¹òüñÿ òàêà óìî-
âà:
(PS) áóäü-ÿêà ïîñëiäîâíiñòü Ïàëå-Ñìåéëà {un} ⊂ H ìiñòèòü çáiæíó ïiäïî-

ñëiäîâíiñòü.
Íåõàé H = Y ⊕Z. I íåõàé òàêîæ ρ > r > 0 i z ∈ Z òàêèé åëåìåíò, ùî ∥z∥ = r.

Ïîçíà÷èìî
M := {u = y + λz : y ∈ Y, ∥u∥ ≤ ρ, λ ≥ 0}

i
M0 := {u = y + λz : y ∈ Y, ∥u∥ = ρ i λ ≥ 0, àáî ∥u∥ ≤ ρ, λ = 0},

òîáòî M0 � ìåæà M . Íåõàé

N := {u ∈ Z : ∥u∥ = r}.

Ðîçãëÿíåìî C1-ôóíêöiîíàë I íà H i ïðèïóñòèìî, ùî

β := inf
u∈N

I(u) > α := sup
u∈M0

I(u).

Â òàêîìó âèïàäêó êàæóòü, ùî ôóíêöiîíàë I çàäîâîëüíÿ¹ ãåîìåòðiþ çà÷åï-
ëåííÿ.

Ñôîðìóëþ¹ìî òåïåð òåîðåìó ïðî çà÷åïëåííÿ (äèâ. [5, 16,18]).
Òåîðåìà ïðî çà÷åïëåííÿ. Íåõàé íà ãiëüáåðòîâîìó ïðîñòîði H çàäàíèé

ôóíêöiîíàë I : H → R êëàñó C1, ÿêèé çàäîâîëüíÿ¹ óìîâó Ïàëå�Ñìåéëà òà
ãåîìåòðiþ çà÷åïëåííÿ. Òîäi iñíó¹ êðèòè÷íà òî÷êà u∈H ôóíêöiîíàëó I òàêà,
ùî êðèòè÷íå çíà÷åííÿ

I(u) = b := inf
γ∈Γ

max
u∈M

I(γ(u)) ≥ β,

äå Γ := {γ ∈ C(M,H) : γ|M0 = id}. Ïðè öüîìó

I(u) ≤ sup
u∈M

I(u).

6. Iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ. Çà äîïîìîãîþ òåîðåìè ïðî çà÷å-
ïëåííÿ âñòàíîâèìî iñíóâàííÿ íåòðèâiàëüíèõ kN -ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòå-
ìè (4). Äëÿ öüîãî, çãiäíî ëåìè 1, äîñòàòíüî âñòàíîâèòè iñíóâàííÿ íåòðèâiàëüíèõ
êðèòè÷íèõ òî÷îê ôóíêöiîíàëó Jk.

Îñíîâíèì ðåçóëüòàòîì öüîãî ïàðàãðàôó ¹ òåîðåìà:

Òåîðåìà 1. Íåõàé âèêîíó¹òüñÿ óìîâà (i), dn > 0 äëÿ âñiõ n ∈ Z, ω2 ∈ (a, b)
òà b ̸= +∞. Òîäi äëÿ áóäü-ÿêîãî k ≥ 1 ñèñòåìà (4) ìà¹ íåòðèâiàëüíèé kN-
ïåðiîäè÷íèé ðîçâ'ÿçîê u ∈ l2k. Áiëüøå òîãî, iñíóþòü òàêi äîäàòíi ñòàëi ε0, C0,
ε i C, ÿêi íå çàëåæàòü âiä k, ùî

ε0 ≤ ∥u∥2k ≤ C0,

ε ≤ Jk(u) ≤ C.

Ðîçäië 1: Ìàòåìàòèêà i ñòàòèñòèêà
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Ïåðåâiðèìî âèêîíàííÿ óìîâ òåîðåìè ïðî çà÷åïëåííÿ äëÿ ôóíêöiîíàëó Jk.
Ïî÷íåìî ç óìîâè Ïàëå�Ñìåéëà.

Ëåìà 5. Çà óìîâ òåîðåìè 1 ôóíêöiîíàë Jk çàäîâîëüíÿ¹ óìîâó Ïàëå-Ñìåéëà.

Äîâåäåííÿ. Îñêiëüêè l2k ¹ ñêií÷åííîâèìiðíèì ïðîñòîðîì, òî äëÿ äîâåäåííÿ
ëåìè äîñòàòíüî ïîêàçàòè, ùî áóäü-ÿêà ïîñëiäîâíiñòü Ïàëå�Ñìåéëà â ïðîñòîði
l2k ¹ îáìåæåíîþ.

Ñïðàâäi, íåõàé {u(j)} ïîñëiäîâíiñòü Ïàëå�Ñìåéëà ôóíêöiîíàëó Jk íà äåÿêî-
ìó ðiâíi b, òîáòî Jk(u(j)) → b i J ′

k(u
(j)) → 0 ïðè j → ∞. Çàóâàæèìî, ùî çàìi-

íèâøè L íà L+ ω2
0 òà ω

2 íà ω2 + ω2
0 ç äåÿêèì ω2

0 ìîæíà ââàæàòè, ùî ∥L∥ ≫ 1,
òîáòî

(Lu, u)k ≥ ∥u∥2k,

äå u ∈ l2k òà ω
2 > 0. Òîäi, âèáðàøè β ∈

(
1

2p+2
, 1
2

)
, äëÿ äîñòàòíüî âåëèêèõ j ìà¹ìî

b+ 1 + β∥u(j)∥k ≥ Jk(u
(j))− β⟨J ′

k(u
(j)), u(j)⟩ =

=

(
1

2
− β

)(
Lu(j) − ω2u(j), u(j)

)
k
+

(
β − 1

2p+ 2

) ∑
n∈Qk

dn(u
(j)
n )2p+2 =

=

(
1

2
− β

)(
Lu(j), u(j)

)
k
−
(
1

2
− β

)
ω2∥u(j)∥2k+

+

(
β − 1

2p+ 2

) ∑
n∈Qk

dn(u
(j)
n )2p+2 ≥

≥
(
1

2
− β

)
∥u(j)∥2k −

(
1

2
− β

)
ω2∥u(j)∥2k +

(
β − 1

2p+ 2

)
l0∥u(j)∥2p+2

k .

Îñêiëüêè r2 ≤ K(ε) + εr2p+2, äå K(ε) → ∞ ïðè ε→ 0, òà ω2 > 0, òî

b+ 1 + β∥u(j)∥k ≥
(
1

2
− β

)
∥u(j)∥2k −

(
1

2
− β

)
ω2K(ε)−

−
(
1

2
− β

)
ω2ε∥u(j)∥2p+2

k +

(
β − 1

2p+ 2

)
l0∥u(j)∥2p+2

k .

Âèáèðàþ÷è äîñòàòíüî ìàëå ε > 0, îäåðæó¹ìî

b+ 1 + β∥u(j)∥k ≥
(
1

2
− β

)
∥u(j)∥2k + C∥u(j)∥2p+2

k − C0

ç äåÿêèìè äîäàòíèìè ñòàëèìè C i C0. Îñòàííÿ íåðiâíiñòü i äîâîäèòü îáìåæå-
íiñòü ïîñëiäîâíîñòi {u(j)}. Ëåìó äîâåäåíî.

Ïîêëàäåìî Y = E−
k òà Z = E+

k . Íàãàäà¹ìî, ùî ôóíêöiîíàë Jk ìà¹ íåòðèâi-
àëüíi êðèòè÷íi òî÷êè ó âèïàäêó, êîëè b ̸= +∞, à îòæå, Z ̸= {0}.

Ââåäåìî òåïåð òàê çâàíèé îïåðàòîð îáðiçêè (äèâ. [12]). Ïîêëàäåìî äëÿ
un ∈ l2

Rkun =

{
un, n ∈ Qk,

0, n ̸∈ Qk.
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I íåõàé {Skun} ¹äèíà ïîñëiäîâíiñòü ç l2k òàêà, ùî Skun = un, ÿêùî n ∈ Qk

(îïåðàòîð ïåðiîäèçàöi¨). Òîäi ∥u∥lpk = ∥Rku∥lp . Î÷åâèäíî, ùî

∥Rku∥lp ≤ ∥u∥lp , ∥Sku∥lpk ≤ ∥u∥lp

äëÿ âñiõ u ∈ lp. Áiëüøå òîãî, äëÿ âñiõ u ∈ lp, 1 ≤ p <∞

lim
k→∞

∥Rku∥lp = lim
k→∞

∥Sku∥lpk = ∥u∥lp ,

lim
k→∞

∥LRku∥lp = lim
k→∞

∥RkLu∥lpk = ∥Lu∥lp ,

lim
k→∞

∥LSku∥lpk = lim
k→∞

∥SkLu∥lpk = ∥Lu∥lp .

Âiçüìåìî äîâiëüíèé îäèíè÷íèé âåêòîð z ∈ E+ i ïîêëàäåìî

z(k) =
P+
k Skz

∥P+
k Skz∥k

∈ Z.

Çàôiêñó¹ìî äâi ñòàëi ρ > r > 0 i ïîçíà÷èìî ÷åðåç

N = {u ∈ Z : ∥u∥k = r},

M = {u = y + λz(k) : y ∈ Y, ∥u∥k ≤ ρ, λ ≥ 0},

M0 = {u = y + λz(k) : y ∈ Y, ∥u∥k = ρ, i λ ≥ 0, àáî ∥u∥k ≤ ρ, i λ = 0}.

Íàñòóïíà ëåìà ïîêàçó¹, ùî ôóíêöiîíàë Jk çàäîâîëüíÿ¹ ãåîìåòðiþ çà÷åï-
ëåííÿ.

Ëåìà 6. Ïðè r2p ≤ l−1δp ìà¹ìî, ùî

Jk(u) ≥
δ

2p+ 2
r2, u ∈ N,

i

Jk(u) ≤ 0, u ∈M0

äëÿ äîñòàòíüî âåëèêèõ ρ. Áiëüøå òîãî, iñíó¹ ñòàëà C > 0, ÿêà íå çàëåæèòü
âiä k i òàêà, ùî

Jk(u) ≤ C, u ∈M. (11)

Äîâåäåííÿ. ßêùî u ∈ Z, òî

Jk(u) =
1

2
(Lku− ω2u, u)k −

1

2p+ 2

∑
n∈Qk

dnu
2p+2
n ≥ δ

2
∥u∥2k −

l

2p+ 2
∥u∥2p+2

k .

Òîäi ÿêùî u ∈ N , òî

Jk(u) ≥
δ

2
r2 − l

2p+ 2
r2p+2 ≥ δ

2p+ 2
r2

ïðè r2p ≤ l−1δp.
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Íåõàé òåïåð u = y + λz(k) ∈M . Òîäi, îñêiëüêè Y òà Z âçà¹ìíî îðòîãîíàëüíi
ñïåêòðàëüíi ïiäïðîñòîðè îïåðàòîðà Lk − ω2, òî

Jk(y + λz(k)) =
1

2
(Lky − ω2y, y)k +

λ2

2
(Lkz

(k) − ω2z(k), z(k))k−

− 1

2p+ 2

∑
n∈Qk

dn
(
yn + λz(k)n

)2p+2 ≤

≤ −δ
2
∥y∥2k +

λ2

2

(
Lkz

(k) − ω2z(k), z(k)
)
k
− 1

2p+ 2
l0∥y + λz(k)∥2p+2

l2p+2
k

.

Ðîçãëÿíåìî ïiäïðîñòið X = Y ⊕ Rz(k) ⊂ l2k, íàäiëåíèé íîðìîþ

∥u∥l2p+2
k

=

(∑
n∈Qk

|un|2p+2

) 1
2p+2

.

Âiäîáðàæåííÿ y + λz(k) 7→ λz(k) ¹ îáìåæåíèì ïðîåêòîðîì íà Rz(k). Îñêiëüêè
éîãî íîðìà íå ìåíøå 1, òî

∥y + λz(k)∥2p+2

l2p+2
k

≥ ∥λz(k)∥2p+2

l2p+2
k

.

Òàêèì ÷èíîì,

Jk(y + λz(k)) ≤ −δ
2
∥y∥2k +

λ2

2

(
Lkz

(k) − ω2z(k), z(k)
)
k
− λ2p+2

2p+ 2
l0∥z(k)∥2p+2

l2p+2
k

. (12)

Êðiì òîãî, îñêiëüêè(
Lkz

(k) − ω2z(k), z(k)
)
k
≤ ∥Lk − ω2∥ = a0

òà
lim
k→∞

∥z(k)∥2p+2

l2p+2
k

= ∥P+z∥2p+2
l2p+2 ,

òî ç íåðiâíîñòi (12) ìà¹ìî

Jk(y + λz(k)) ≤ −δ
2
∥y∥2k +

a0
2
λ2 − a1λ

2p+2 ≤ a0
2
λ2 − a1λ

2p+2

ç äåÿêèì a1 > 0, ÿêå íå çàëåæèòü âiä k. Îòæå, äëÿ âñiõ äîñòàòíüî âåëèêèõ ρ

Jk(u) ≤ 0, u ∈M0.

Áiëüøå òîãî,

sup
u∈M

Jk(u) ≤ C = max
λ>0

(a0
2
λ2 − a1λ

2p+2
)

ç äåÿêèì C > 0, ÿêå íå çàëåæèòü âiä k. Ëåìó äîâåäåíî.
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Äîâåäåííÿ òåîðåìè 1. Ç ëåì 5 òà 6 âèïëèâà¹, ùî äëÿ ôóíêöiîíàëó Jk
âèêîíóþòüñÿ âñi óìîâè òåîðåìè ïðî çà÷åïëåííÿ, à îòæå, âií ìà¹ íåòðèâiàëüíó
êðèòè÷íó òî÷êó u ∈ l2k. Áiëüøå òîãî, çà öi¹þ æ òåîðåìîþ âiäïîâiäíå êðèòè÷íå
çíà÷åííÿ çàäîâîëüíÿ¹ íåðiâíiñòü

b = Jk(u) ≤ sup
u∈M

Jk(u).

Òåïåð îöiíêè äëÿ êðèòè÷íî¨ òî÷êè i âiäïîâiäíîãî êðèòè÷íîãî çíà÷åííÿ âèïëè-
âàþòü ç ëåì 3, 4 òà 6. Òåîðåìó äîâåäåíî.

7. Iñíóâàííÿ ëîêàëiçîâàíèõ ðîçâ'ÿçêiâ. Òåïåð çà äîïîìîãîþ ìåòîäó
ïåðiîäè÷íèõ àïðîêñèìàöié ìîæíà äîâåñòè iñíóâàííÿ íåòðèâiàëüíèõ ëîêàëiçî-
âàíèõ ðîçâ'ÿçêiâ ñèñòåìè (4). Çà ëåìîþ 1 öi ðîçâ'ÿçêè ¹ êðèòè÷íèìè òî÷êàìè
ôóíêöiîíàëó J . Îäíàê öåé ôóíêöiîíàë íå çàäîâîëüíÿ¹ óìîâó Ïàëå�Ñìåéëà i
òîìó ñêîðèñòàòèñÿ â äàíîìó âèïàäêó òåîðåìîþ ïðî çà÷åïëåííÿ íå âèéäå. Ïðîòå
êðèòè÷íi òî÷êè ôóíêöiîíàëó J ìîæíà ïîáóäóâàòè çà äîïîìîãîþ ïåðåõîäó äî
ãðàíèöi ïðè k → ∞ â êðèòè÷íèõ òî÷êàõ ôóíêöiîíàëó Jk.

Îñíîâíèì ðåçóëüòàòîì öüîãî ïàðàãðàôó ¹ òàêà òåîðåìà:

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà (i), dn > 0 äëÿ âñiõ n ∈ Z, ω2 ∈ (a, b)
òà b ̸= +∞. Òîäi ñèñòåìà (4) ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê u ∈ l2.

Äîâåäåííÿ. Íåõàé u(k) = {u(k)n } ∈ l2k íåòðèâiàëüíèé kN -ïåðiîäè÷íèé ðîçâ'ÿçîê
ñèñòåìè (4), ÿêèé iñíó¹ çà òåîðåìîþ 1.

Çàçíà÷èìî, ùî iñíóþòü δ0 > 0 òà nk ∈ Z òàêi, ùî∣∣u(k)nk

∣∣ ≥ δ0. (13)

Ñïðàâäi, ó ïðîòèëåæíîìó âèïàäêó u(k) → 0 â l∞, à îòæå, v(k) = Rku
(k) → 0 â l∞.

Çà òåîðåìîþ 1, ∥v(k)∥ = ∥u(k)∥k îáìåæåíà. Äàëi îñêiëüêè

∥v∥plp ≤ ∥v∥p−2
l∞ ∥v∥2l2 , p > 2,

òî v(k) → 0 â lp äëÿ âñiõ p > 2. À öå îçíà÷à¹, ùî ∥u(k)∥lpk → 0 äëÿ âñiõ p > 2.
Òîäi, ÿê íà ïî÷àòêó äîâåäåííÿ ëåìè 3, äëÿ âiäïîâiäíîãî êðèòè÷íîãî çíà÷åííÿ
bk = Jk(u

(k)) ìà¹ìî ùî ñóïåðå÷èòü ëåìi 4.
Â ñèëó ïåðiîäè÷íîñòi êîåôiöi¹íòiâ ïîñëiäîâíiñòü {u(k)n+N} ¹ òàêîæ ðîçâ'ÿçêîì

ñèñòåìè (4). Òîìó ìîæíà ââàæàòè, ùî 0 ≤ nk ≤ N − 1. Îäíàê, òàêèõ çíà÷åíü
ñêií÷åííå ÷èñëî, òîìó, ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi (ïî k), ìîæåìî ââàæàòè,
ùî âñi öi íîìåðè ñïiâïàäàþòü, òîáòî nk = n0.

Â ñèëó îáìåæåíîñòi {u(k)}, ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi (ç òèì ñàìèì
ïîçíà÷åííÿì), ìà¹ìî u(k)n → un ïðè k → ∞ (äëÿ âñiõ n ∈ Z). Êðiì òîãî, çà
íåðiâíiñòþ (13),

|un0| ≥ δ0,

à îòæå, u = {un} íåíóëüîâà ïîñëiäîâíiñòü. Âèêîðèñòîâóþ÷è ãðàíè÷íèé ïåðåõiä,
íåâàæêî ïîêàçàòè, ùî u = {un} ¹ ðîçâ'ÿçêîì ñèñòåìè (4).

Çàëèøà¹òüñÿ ïîêàçàòè, ùî u = {un} ∈ l2. Ñïðàâäi, îñêiëüêè äëÿ áóäü-ÿêîãî
ôiêñîâàíîãî ñ, m̃ ∈ Z i äîñòàòíüî âåëèêîãî k,

ñ∑
n=−ñ

|u(k)n |2 ≤ ∥u(k)∥2k ≤ C2,
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òî ïåðåõîäÿ÷è äî ãðàíèöi ïðè k → ∞, îäåðæó¹ìî

ñ∑
n=−ñ

|un|2 ≤ C2.

Â ñèëó äîâiëüíîñòi ñ ìà¹ìî, ùî u ∈ l2. Òåîðåìó äîâåäåíî.
Çàóâàæèìî, ùî ÿêùî b = +∞, òî çà ëåìîþ 2 ñèñòåìà (4) ìà¹ òiëüêè òðèâi-

àëüíèé ðîçâ'ÿçîê.
Îñêiëüêè ñïåêòð îïåðàòîðà −∆+m2 ¹ âiäðiçêîì [m2, 4+m2], òî ç òåîðåìè 2

îäåðæó¹ìî íàñëiäîê:

Íàñëiäîê 1. Íåõàé dn > 0 äëÿ âñiõ n ∈ Z òà ω2 < m2. Òîäi ñèñòåìà (3)
ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê u ∈ l2.
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Bak S. M. Standing waves in discrete Klein-Gordon type equations with power
nonlinearities.

This article is devoted to the study of discrete Klein-Gordon type equations that de-
scribe the dynamics of an in�nite chain of linearly coupled nonlinear oscillators. These
equations represent a countable system of ordinary di�erential equations. Such systems
are in�nite-dimensional Hamiltonian systems. Equations of the Klein-Gordon type with
power nonlinearities of odd degree are considered. When substituting the ansatz in the
form of a standing wave, a system of algebraic equations for the amplitude of the standing
wave is obtained. Further, we consider a system with a more general operator L of linear
interaction of oscillators, which is bounded and self-adjoint in the Hilbert space of real
two-sided sequences l2. The problem of the existence of periodic and localized (converging
to zero at in�nity) solutions for such systems is considered. The main conditions for the
existence of these solutions are the spatial periodicity of the coe�cients of the linear inter-
action operator of the oscillators and the belonging of the standing wave frequency to the
spectral interval of the operator L. If the right end of the spectral interval is �nite, then the
system has nontrivial solutions. This article shows that periodic and localized solutions
of this system can be constructed as critical points of the corresponding functionals Jk
and J . The existence of periodic solutions was established using the linking theorem. In
particular, it is shown that the functional Jk satis�es the so-called Palais-Smale condition
and the linking geometry, and therefore has nontrivial critical points, which are the peri-
odic solutions of the system. In the case of localized solutions, the linking theorem cannot
be used, since the Palais-Smale condition does not hold for the functional J . Therefore,
in this case, the method of periodic approximations is used, that is, the critical points of
the functional J are constructed using the passage to the limit as k → ∞ at the critical
points of the functional Jk. By virtue of the well-known properties of the discrete Laplace
operator, a corollary is obtained in which conditions for the existence of localized solutions
for the original system are established.

Keywords: discrete Klein-Gordon type equations, standing waves, power nonlinearities,
critical points, linking theorem, periodic approximations.
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